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Abstract 

Changes expected in the energy and equatorial pitch angles 

of geomagnetically trapped particles are calculated, assuming 

the flrst and second adiabatic invariants are conserved and the 

third invariant is violated. Sample calculations are compared to 

experimental results, and it is concluded that this mechanism may 

be of importance in producing the observed distribution of 1 MeV 

electrons, but cannot be coupled with the polar cap neutron albedo 

source to explain the observed distribution of 1 Mev to 100 MeV 

protons. The figures presented aid in distinguishing changes 

produced by the violation of the third invariant from changes 
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Introduction 

The purpose of the present work is to investigate changes 

in the energy and equatorial pitch angle (or mirror point) of a 

particle trapped in a dipole field as the particle moves from one 

magnetic shell to another, assuming the first and second adiabatic 

invariants (Northrup and Teller, 1960) are conserved. 

which could produce such motion include breakdown of the third 

adiabatic invariant by magnetic disturbances (Parker, 1960; Davis 

and Chang, 1962) and the convection or interchange of entire field 

lines (Gold, 1959). We will not consider specific models here, but 

merely discuss the changes expected as an individual particle moves 

between magnetic shells. 

experimental data. 

Mechanisms 

The results are compared with available 

The purpose of studying the breakdam of adiabatic invariants 

is to aid our understanding of the dynamics of the Van Allen belts. 

A number of observations suggest that any mechanism which can 

accelerate trapped particles and also increase their equatorial 

pitch angles could be of great importance. 

recovery phase of a geomagnetic storm Fan, Meyer, and Simpson (1%1), 

Hofflnan, Arnoldy, and Winckler (1962), and Farley and Sanders (1962) 

observed a large increase in the flux of electrons with energies 

near 1 Mev and with mirror points concentrated near the equator. 

Fillius and McIlwain (1964) observed a group of protons with mirror 

points concentrated near the equator. 

the consequences of the breakdown of adiabatic invariants with the 

intention of Mnding any combinations which will accelerate 

trapped particles and raise their mirror points. 

For example, during the 

We will therefore review 
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Adiabat i c Invariants 

The first adiabatic invariant (magnetic moment ) i s  defined 

as (Northrup and Teller, 1960) 

2B M =  

Where ?no i s  the rest mass, y the  r e l a t i v i s t i c  mas6 ra t io ,  v 

the  component of t he  p a r t i c l e ' s  t o t a l  velocity, v, perpendicular 

t o  the  f i e l d  l ine,  and B the  magnetic f i e l d  strength. 

interested i n  cases i n  which the  f i rs t  and second adiabatic 

invariants  a r e  conserved, implying t h a t  and v do not change 

appreciably during one bounce period. 

follow changes i n  the  pa r t i c l e ' s  p i tch  angle, a' , during a single 

bounce period 

I 

We w i l l  be 

It i s  therefore  possible t o  

1 2M - - -  - v~ - s i n  .cl = - 
m 

2 2 
2 B B 

mJ 2v2 v B  

Where Bm is  the f i e l d  s t rength at the  p a r t i c l e ' s  mirror point. 

Equations 1 and 2 can be combined 

and we w i l l  assume t h i s  quantity is conserved. 

The second adiabatic invariant ( in tegra l  invariant  ) is 

defined as (Northrup and Teller, 1960) 
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Where v , ,  

f i e l d  l i n e  and ds i s  an element of  arc length along the f'ield l ine .  

It i s  sometimes convenient t o  use a related in tegra l  

i s  the component of t he  pa r t i c l e ' s  velocity along the 

I =$.Ids V ( 5 )  

which depends only upon the field geometry. It is  related t o  J 

by 

V " ds = mo8vI = mocI\Iz12- 
V 

(6 1 
where J and I re fe r  t o  averages over a single bounce period, and, 

as noted before, 

period i n  order t o  conserve J. 

a d  6are most convenient t o  use at r e l a t i v i s t i c  energies, while the  

next t o  last forms presented a re  more convenient a t  non-relativist ic 

energies. 

and v must be essent ia l ly  constant during a bounce 

The last forms presented i n  equations3 

We are  interested i n  par t ic le  motion i n  which M and J are 

conserved, but i n  which I, %, and 

which are long campared t o  t h e  bounce period. 

w i l l  a l l  vary over time intervals  

The in tegra l  I has been evaluated numerically (Appendix) 

and r e su l t s  are presented i n  Table 1 and Figure 1. 

A ,  MBeq, deq, and Req a re  also tabulated, where 

tude a t  which the  pa r t i c l e  mirrors and 3 

equatorial  fcield strength, pi tch angle, and f i e l d  l i n e  radius. The 

The quant i t ies  

is  the l a t i -  

deq, and Req are the eq' 

approximate re la t ion  
(7) 

-1.072 -1 1 - 
-0.552 

0.280 r + 0.452 CT 
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Where u =  (Bm-Beq)/B 

This expression i s  accurate t o  about 1 6  i n  the range lo''< c<10 . 
For extrapolation of Figure 1 toward the equator ( c ~ l O - ' ) ,  

i s  shorn as t he  dotted l i n e  i n  Figme 1. 
eq 

4 

'l2/R = 1.480 uis a be t te r  approximation than is  equation 

7. 

The t h i r d  or flux invariant is the magnetic flux enclosed by 

the surface traced out as the guiding center of a trapped p a r t i c l e  

makes one c i r c u i t  of the  earth.  

Breakdown of the Adiabatic Invariants 

Row t h a t  the invariants  have been defined, it is  possible t o  

review the  consequences of t he i r  violation. 

1. If all three invariants  are conserved, there  i s  no accel-  

erat ion or change i n  mirror points. 

2. If the  first invariant breaks down, the second w i l l  a l so  

generally break down. 

conserved. Breakdown of t he  f irst  invariant  requires disturbances 

with eequencies  near the trapped p a r t i c l e ' s  cyclotron frequency, 

as seen by an observer moving w i t h  the  trapped p a r t i c l e ' s  guiding 

center.  

of proton mirror points may be possible i n  some regions of the 

magnetosphere as a r e s u l t  of the  breakdown of the  first and 

second adiabatic invariants.  

The t h i r d  invariant may or may not be 

Wentzel (1962) has suggested tha t  a systematic r a i s ing  

3. If the  first and th i rd  invariants a r e  conserved but 

the second breaks d o q ,  acceleration w i l l  be accompanied by a lower- 

ing  of mirror points.  Equation 3 shows t h a t  when the first invariant  is 
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conserved, any acceleration requires an increase i n  mirror point 

f i e l d  strength. If the third invariant i s  conserved, a pa r t i c l e  

remains on a given magnetic shell, so  an increase i n  mirror point 

f i e l d  strength results i n  motion of the mirror point away from the 

equator. This mechanism requires disturbances a t  frequencies near 

the pa r t i c l e  bounce frequency, and has been investigated by Parker 

(1961). 
4. The present work i s  concerned with the conservation of the  

f i r s t  and second invariants and violation of the  third.  It w i l l  

be shown i n  a l a t e r  section that under these conditions, motion 

of a pa r t i c l e  t o  a lower f i e l d  l i ne  m u s t  be accompanied by 

acceleration and a motion of the mirror point toward the  equator. 

The required disturbances m u s t  have Frequencies on the  order of 

t he  dr i f t  frequency. 

Violation of  the t h i r d  invariant has been considered by Parker 

(1960; 1361). 

by compressions and expaasions of t he  magnetosphere, a given group 

of par t ic les  trapped i n  the magnetosphere w i l l  diffuse s o  that 

those moving t o  lower f ie ld  l ines  w i l l  gain energy and those moving 

t o  higher f i e ld  l i nes  w i l l  lose energy. 

of energy from this i n i t i a l  group of trapped par t ic les ,  i .e .  a 

rather  inef f ic ien t  acceleration mechanism. This mechanism will ,  

therefore, be important only when there i s  a large source of low 

energy trapped par t ic les  and it is only necessary t o  explain the 

production of a much smaller flux of high energy par t ic les .  For 

exanrple, this mechanism could be important i n  explaining the observed 

He concluded tha t  when this violat ion i s  produced 

The net r e su l t  is a loss 
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flux of 1 MeV electrons, since some f a i r l y  large source of electrons 

w i t h  energies of a t  l ea s t  40 kev must be present on high f i e l d  l i nes  

( ~ ' B r i e n ,  1964). 

A number of mechanisms which could cause en t i re  f i e l d  l ines  

t o  move within the magnetosphere have been yroposed. 

first suggested that such motion could be driven by gradients i n  the 

plasma energy density. 

convection system which could be driven by a viscous interaction between 

the magnetosphere and the solar wind. 

Gold (1959) 

Axford and Hines (1961) described a large 

Sonnerup and Laird (1963) 

investigated the s t a b i l i t y  o f  the magnetosphere against spontaneous 

interchange of f i e l d  l ines .  Cole (1964) discussed a diffusion of 

f i e l d  l ines  which could be driven by varying e lec t r i c  f ie lds .  

these mechanisms could carry a group of par t ic les  inwards, resul+,ing 

Any of 

i n  a net gain of energy. It is, therefore, of i n t e re s t  t o  investigate 

the  changes i n  mirror points of t rapped par t ic les  as j u s t  the th i rd  

adiabatic invariant i s  violated. 

5. The f i n a l  poss ib i l i ty  is t ha t  the f irst  invariant i s  

conserved and both second and third invariants a r e  violated. This 

requires disturbances near the bounce and d r i f t  frequencies. It i s  

possible that par t ic les  could be accelerated and the i r  mirror points 

could simultaneously move toward the  equator when only the flrst 

invariant is conserved, but conservation of the fYrst invariant does 

not require these changes t o  take place. 

To summarize, breakdown of the first, second, and thi rd,  of the 

first and second, of the  second and third,  o r  of just the t h i r d  

adiabatic invariant could be accompanied by simultaneous acceleration 

of charged par t ic les  and motion of t he i r  mirror points toward the  

equator. However, only breakdown of j u s t  the  th i rd  invariant must 



necessarily resu l t  i n  acceleration and a systematic mot.ion of  mirror 

points toward the equator as part ic les  move t o  lower magnetic shells.  

Breakdm of the other invariants would have t o  be coupled with some 

other specific mechanism which would cause mirror points t o  move 

towaxd the equator. 

MDtion of a eapped Part ic le  

Assume a pa r t i c l e  i s  i n i t i a l l y  trapped i n  a steady magnetic 

f i e l d  and tha t  no e l ec t r i c  f i e l d s  are present, so that a l l  three 

adiabatic invariants and the energy axe constant. 

Next a perturbation is  applied which causes the th i rd  abiabatic 

invariant and the energy t o  change and the pa r t i c l e  t o  move t o  a 

d i f fe ren t  magnetic shel l .  This process w i l l  change Am,%, Req, 

and I, while M and J a re  conserved. Finally the  perturbation stops 

so t ha t  the pa r t i c l e  is again trapped i n  a steady magnetic f i e l d  with 

no e l ec t r i c  fields present. We wish t o  f ind the  energy, or 1/2, and 

the  mirror point Bm2 after the  perturbation stops, given the f i e l d  

l ine,  R on which the par t ic le  is f ina l ly  trapped. 
eq2, 

Assuming M and J are  conserved, equations 3 and 6 can be combined 

which can be used w i t h  figure 1 o r  equation 7 t o  find B 
m2' 

The energy can then be determined from equation 3. 

The first two terms of equation 8 show 

point will move so t h a t  I B is conserved. G 
t h a t  a pcr t ic le '  s mirror 

Several l i nes  of constant 
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fB are i l l u s t r a t ed  i n  figure 2, where it can be seen t h a t  trapped 

par t ic les  will tend t o  mirror closer t o  the equator as they d r i f t  t o  

lower f i e ld  l ines .  Lines of constant f ie ld  strength are a l so  i l l u s -  

t r a t ed  i n  figure 2. 

8-1 for r e l a t i v i s t i c  pa r t i c l e s )  is proportional t o  the mirror point 

f i e l d  strength (equation 3 ) .  

par t ic les  i n i t i a l l y  mirroring at five or ten ear th  radii can be 

accelerated by a factor of several hundred before they 

dense atmosphere, provided the first and second adiabatic invariants 

are conserved. 

The energy o f  non-relativist ic par t ic les  (or 

Figure 2, therefore, shows that 

s t r i k e  the 

Sample Calculations 

Figure 2 demonstrates that ,  when the first two invariants are 

conserved, a par t ic le ' s  mirror point moves toward the equator as the 

pa r t i c l e  moves t o  a lower f i e l d  l ine .  I n  t h i s  section, a few sample 

calculations of the  expected changes i n  equatorial  pi tch angles w i l l  

be presented. 

Sample calculations were carried out under the assumption tha t  

a l l  par t ic les  trapped i n  a th in  magnetic s h e l l  move inward t o  another 

thinnuzgnetic she l l .  

based on a specific mechanism which could produce motion of par t ic les  

between magnetic shel ls .  

e f f i c i en t  at  moving par t ic les  with mirror points near the  equator than 

those with lower mirror points. 

A more r e a l i s t i c  calculation would have t o  be 

Such a mechanism might be more or less 

For a sample calculation w e  first assume par t ic les  are 

produced on the R = 6 earth r a d i i  f i e l d  l i n e  so tha t  t h e i r  equatorial  

pi tch angle dis t r ibut ion i s  isotropic down t o  some cut-off pi tch angle. 

The par t ic les  a re  then assumed t o  move t o  a lower f i e l d  l ine,  and 

t h e i r  new pi tch angles are calculated from equation 8 and figure 1. 

eq 
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The resu l t ing  changes i n  p i tch  angles are shown i n  f igure 3 for  

three sample f i e l d  l ines .  

Finally, t he  fluxes expected on several  f i e l d  l i nes  are ca l -  

culated by dividing the  R 

3 t o  determine the segment of a lower f i e l d  l i n e  t o  which the 

pa r t i c l e s  i n i t i a l l y  mirroring i n  one segment of the  R 

l i n e  will move. 

= 6 l i n e  i n t o  segaents and using f igure 
eq 

= 6 f i e l d  eq 
The equatorial  flux on the lower f i e l d  l i n e  is 

obtained from the expression 

where 

the so l id  angle subtended a t  the  equator by par t i c l e s  mirroring 

i n  a given segment of the f i e l d  l ine,  and T is t he  bounce time, 

which was taken fram Hamlin, e t  a1 (1961). 

i s  proportional t o  the  time required t o  move a un i t  distance along a 

f i e l d  l i n e  a t  the equator. 

figure 4. Fluxes are assumed t o  drop suddenly t o  zero a t  R = l  ear th  

radius.  

f igures 3 and 4 ac tua l ly  give the changes expected i n  moving between 

any two f i e l d  l i nes  where the  r a t i o  R 

of  course, the low a l t i t u d e  cutoff would be different .  

@ i s  the equatorial  flux (particles/cm 2 lsecfsr) ,  dt i s  

The quantity ( T  cos d )-l eq 

The resul t ing fluxes are presented i n  

Since only the r a t i o  R eql/Req2 enters the  calculations, 

/R eql. eq2 is 1.5, 2, and 3, except, 

"he equatorial  peaking i s  evident i n  f igure 4. However, even 

when a s h e l l  of pa r t i c l e s  moves inwards t o  one t h i r d  i t s  i n i t i a l  

equatorial  radius, the r a t i o  o f  the f lux  a t 4  

a 
= 90' t o  that a t  

eq 
= 45' i s  seen t o  increase only by about a factor  of 1.6. 

eq 
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Conpari s on with Experiment 

Pitch angle dis t r ibut ions have been calculated by Farley and 

Sanders (1962) using data from a sc in t i l l a t i on  counter which detects 

electrons above a sharp cutoff a t  500 kev and from a proportional 

counter t ha t  responds t o  a broad energy range of electrons, but 

primarily t o  electrons with energies on the order of 1 MeV. 

Amoldy, and Winckler (1962) have calculated pi tch angle dis t r ibut ions 

using data from a geiger counter t ha t  responds t o  electrons over a 

broad energy range, generally near 1 MeV. 

tha t  during quiet times the geiger counter observes a f a i r l y  broad 

pi tch angle dis t r ibut ion on the  R = 2.7 ear th r a d i i  f i e l d  l ine,  

and the dis t r ibut ion becomes progressively more steeply peaked at 

90' pitch angle on the R 

geomagnetic storm the fluxes increase and became more steeply peaked 

a t  90' pitch angle for the two f ie ld  l i nes  for which p i tch  angle 

distributions are  presented (R = 2.7 and 3.5). Proportional counter 

r e su l t s  a r e  available for the R = 3.3 f i e l d  l i n e  and are  similar 

t o  the geiger counter results for R = 3.5. Sc in t i l l a t ion  counter 

resu l t s  for the R 

but before the  storm show a minimum at  90' pitch angle. 

Hoffman, 

The resu l t s  reported a re  

=q 

= 3.5 and 4.4 f i e l d  l ines .  A f t e r  a 
eq 

eq 

eq 

eq 

= 3.3 f i e l d  l ine  a re  a l so  similar a f t e r  the storm, 
eq 

These observations can be compared with predictions based on the 

conservation of the various adiabatic invariants. The relevant 

frequencies for 1 MeV electrons mirroring a t  the equator on the R 

= 3 .3  f i e l d  l i n e  are: 

= 5 cps, d r i f t  frequency = .OOO7 cps, or one c i r c u i t  every 1500 

seconds (25 minutes). 

eq 
cyclotron frequency = 10 kc, bounce frequency 

If the f irst  invariant is conserved, we have previously argued 

t h a t  breakdown of the second invariant alone cannot produce the  observed 



. 11. . 
l a rge  flux increase and a l so  re ta in  the observed p i tch  angle 

d is t r ibu t ion  peaked a t  90'. 

conserved, the observations can be explained i n  terms of l oca l  

acceleration mechanisms only i f  the t h i r d  invariant i s  violated, 

i . e .  only i f  1 MeV electrons move t o  lower f i e l d  l i n e s  during magnetic 

storms. If the  electrons observed at R = 4.4 can be carr ied i n  t o  

R 

t h a t  individual par t ic les  would move so  Knat t h e i r  equatorial  p i tch  

angles would increase. Since even before the storm, electrons a t  

Therefore, i f  the first invariant i s  

eq 
= 3.3 during a storm, the calculations presented e a r l i e r  show 

eq 

= 4.4 are strongly peaked a t  an equator ia l  pi tch angle of go*, Req 

it appears possible t h a t  breakdown of the  t h i r d  adiabatic invariant 

could explain the observed fluxes. 

The second s o s s i b i l i t y  is t h a t  the f i r s t  invariant breaks down. 

If this takes place, then it i s  not necessary t o  move electrons inwards 

across f i e l d  l ines .  Either power i n  the  10 kc frequency range could 

accelerate  electrons and produce equator ia l  peaking or the required 

10 kc disturbance could serve mainly t o  produce equatorial  peaking 

with l i t t l e  energy change. 

by hydromagnetic disturbances i n  the 10 cps frequency range. The 

10 cps s ignal  would accelerate electrons through violat ion of t he  

second invariant (Parker, 1961) and lower t h e i r  mirror points.  

10 kc disturbance would then be required t o  r a i s e  mirror points more 

e f f i c i e n t l y  than the  10 cps disturbance lowers them. 

Mnally, equatorial  peaking has also been reported for  protons 

The acceleration would then be produced 

The 

with energies of a few MeV t o  about 100 Mev on f i e l d  l i n e s  near L=2. 

( F i l l i u s  and McIlwain, 1964). 

protons mirroring a t  the equator are:  

1 cps, d r i f t  = .008 cps, or one c i r cu i t  every 130 seconds. 

The relevant frequencies for  10 Mev 

cyclotron = 60 cps, bounce = 
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The most fl-equen'cly nentioiied source o f  these protons i s  the  decay 

of polar cap neutrons (Lenchek and Singer, l963), but such protons 

do not have mirror points concentrated a t  the equator. 

produced by t h i s  mechanism on higher f i e l d  l i nes  are a lso  peaked 

wel l  away from the equator, it does not appear possible t h a t  t he  

observed peaking could be produced by breakdown of the  th i rd  invariant.  

The remaining poss ib i l i t i e s  a r e  a breakdown of the second invariant  

(which would be accompanied by deceleration i f  equatorial  mirror points 

are t o  be achieved) 

i n  connection with the 1 MeV electrons. 

Since protons 

or breakdown of the  first invariant, as discussed 

summary 

The motion of trapped par t ic les  was discussed i n  terms of 

conservation of t he  adiabatic invariants.  It was found t h a t  i f  

t h e  first and second invariants are conserved but the  t h i r d  breaks 

down, then motion of pa r t i c l e s  t o  lower f i e l d  l i n e s  must be 

accompanied by acceleration and an increase i n  the p a r t i c l e d ' s  

equatorial  p i tch  angle. The changes expected i n  the equatorial  

p i tch  angle and i n  the equatorial d i rec t iona l  flux were calculated 

f o r  a sample dis t r ibu t ion  of trapFed par t ic les ,  and graph6 were 

provided so t h a t  similar calculations could be made for other d i s -  

t r ibut ions.  

Results were compared t o  measurements of electrons with 

energies on the order of 1 MeV and protons with energies from 1 t o  

100 MeV. 

fluxes and p i tch  angle dis t r ibut ions could conceivably be produced 

by violat ion of only the  th i rd  adiabatic invariant.  

It was concluded t h a t  the observed changes i n  electron 

The only other 
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possible loca l  acceleration mechanism which could explain t he  observed 

r e s u l t s  involves the  breakdown of the first adiabatic invariant,  

requiring disturbances near a frequency of 10 kc. 

t h a t  the observed d is t r ibu t ion  of 1 t o  100 MeV protons could not 

be produced by decay of polar cap neutrons coupled with breakdawn of 

only t h e  t h i r d  adiabatic invariant. 

or second invariant, requiring disturbances with frequencies near 

60 cps or  

i s  t o  be of importance. 

It w a s  concluded 

Breakdown of e i the r  the first 

1 cps would be required if the polar cap neutron source 

Violation of the  th i rd  adiabatic invariant is e q e c t e d  t o  be 

of par t icu lzr  importance a t  high a l t i t udes  within the magnetosphere, 

where large sca le  f i e l d  dis tor t ions are common, and within any 

convection system which is s e t  up. "he figures presented i n  t h i s  

paper illustrate the  energy and ?itch angle changes expected when 

j u s t  t he  t h i r d  invariant  i s  violated. 
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Appendix - 

The in t eg ra l  of equation 5 can be calculated for  a dipole 

f i e l d  using the equation of a field l i n e  

where R is  the r a d i a l  distance f r o m  the  dipole center and 0 

the  angle f r o m  the dipole axis. 

i s  

The f i e l d  strength along t h i s  f i e l d  l i n e  i s  

For the  calculations we have used B = .312/R3 gauss. 
eq eq 

Equation 2 i s  used t o  follow the pa r t i c l e ’ s  motion for  one bounce 

period, and with equations 5,  10, and 11 gives 

I 

h\=’2 *t 

This i n t eg ra l  has been evaluated numerically and is presented 

i n  tab le  1 and figure 1. 
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Hgure  Captions 

Figure 1, The s o l i d  l i n e  i s  a numerical evaluation of equation 

12. The dotted l i n e  i s  the approximate expression given i n  equation 7. 

Figure 2. Lines of constant I rB i n  un i t s  of (ear th  rad i i ) .  . 

and o f  B i n  units of gauss are presented for a dipole f i e ld .  

The l i n e s  IfB are  t races  of a par t ic le ' s  mirror point i f  the first 

two adiabatic invariants  a r e  conserved. 

Egure 3. The change produced i n  the equatorial  p i tch  angle 

i s  p lo t ted  as a function of i n i t i a l  equator ia l  p i tch  angle assuming 

a pa r t i c l e  is  i n i t i a l l y  on the R 

moves down t o  lower f i e l d  l i n e s  w h i l e  the  f'irst two adiabatic 

= 6 ear th  r ad i i  f i e ld  l ine,  and 
eq 

invariants  are conserved. 

Figure 4. Equatorial direct ional  fluxes are presented for  a 

sample d is t r ibu t ion  of par t ic les .  The i n i t i a l  d i s t r ibu t ion  is 

isotropic  on the  R 

dropping suddenly t o  zero at  R = 1 earth radius. 

a r b i t r a r i l y  normsli zed a t  0Leq2= 45'. 

= 6 ear th  raGii f i e l d  l i ne .  Fluxes are  shown 
eq 

The curves a re  

Table Caption 

Table 1. The turning point lati tude,  'm, equatorial  p i tch  

angle, 

that a t  the  equator, Bm/Beq, and the parameter used i n  equation 7 

a re  tabulated. Numbers i n  the form A f B stand for  A x 10- . 

q eqt r a t i o  of the field strength a t  the  mirror point t o  

+B 
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